In this paper we shall study elastic waves in two isotropic media with different densities and Lame's constants. In seismology elastic waves are studied when the border of two media is a hyperplane, however there are no results on elastic waves in the non-flat border case. First in Section 1 we shall show an existence theorem of the solutions of an initial boundary value problem which is satisfied by the displacements of two media. Next we shall discuss about propagation of singularities of the solutions, for Hδrmander and Lax-Nirenberg showed that an appearance of propagation of singularities is similar to one of propagation of waves.
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In this paper we shall study elastic waves in two isotropic media with different densities and Lame's constants. In seismology elastic waves are studied when the border of two media is a hyperplane, however there are no results on elastic waves in the non-flat border case. First in Section 1 we shall show an existence theorem of the solutions of an initial boundary value problem which is satisfied by the displacements of two media. Next we shall discuss about propagation of singularities of the solutions, for Hδrmander and Lax-Nirenberg showed that an appearance of propagation of singularities is similar to one of propagation of waves.
As first part on singularities in Section 3 we shall show existence of Stoneley waves as propagation of singularities, which is explained as follows: if the boundary values of the initial data of the solutions have singularities, then there exist singularities of the solutions which start from the singularities of the initial data and propagate in the elliptic region of the border of two media according to the passage of time.
Second part on singularities is to study relations between incident waves and reflected and refracted waves, which are stated in Sections 4, 5. Under various conditions on the incident angle of singularities corresponding to the fast waves or the slow waves we have interesting refractive phenomena. For example if we assume that densities and Lame's constants satisfy some conditions, and that the incident angle of singularities corresponding to the fast waves is not sharp, then the solutions have only refracted singularities corresponding to the slow waves (see Theorem 4.1) . If the singularities corresponding to the slow waves make incidence, the solutions have both refracted singularities corresponding to the fast and slow waves or they have only refracted singularities cor-responding to the slow waves (see Theorems 5.1, 5.2). § 1. Existence of solutions
In this section we shall show existence of the solutions of initial boundary value problems in two solids. We suppose that there exist two simply connected open subsets O t (i -1, 2) of R 3 with smooth boundaries dθi such that dθ t is compact, or dθ t is equal to a hyperplane in {x: \x\ > R} for some positive constant R. Then domains Ω u Ω 2 of two solids are defined as follows; Ω 1 = O 1 
Γ\ O 2 and Ω 2 = O^Oz
The strain tensors ε jlύ (u) (j, k = 1, 2, 3) are (dujdx k + duJdx^Z and in the stress tensors σ$(u) are λίidivujδjjc + 2μ ί ε jk (ύ) , where u = ι (u u u 2 , u 3 ) and l t and /V are Lame constants such that μ i9 3X t + 2μ t and λ t + μ j are positive. If the solids are isotropic, then the displacements u t (x, t) = ι (u ίu u ί2 , u ί3 ) in Ω t satisfy the following boundary value problem: where ^ > 0 is the density of Ω i9 Γ = 3/?! Π 3β 2 , Λ = dΩ t \Γ, and z(x) = '(riiix)* n 2 (x), n z (x)) is the unit normal vector of Γ or Γ^ (7 = 1, 2). We consider an initial boundary value problem (1.1) to (1.4) with data
We introduce a Hubert space Jf whose elements are equal to (L\O^)\ with the inner product
and a subspace D of Jf such that / belongs to ΰ if/e (iϊ^O,)) 3 and the distributions ii(/) = (Σ*3WS(/))/9^)U) J .i,2.3 belong to (L 2 (β,)) 3 . The boundary conditions (1.3) and (1.4) are represented as follows:
for any v = f (u l5 u 2 , u 3 ) e (J9Γ In this section in order to study propagation of singularities to the solutions of (1.1) to (1.3) we shall reduce the considered boundary value problem to the first order system. After that we shall define an incident rays, a reflected ray, a transferred reflected ray, a refracted ray and a transferred refracted ray, which are half null bicharacteristics of τ 2 with G = '(-Fg(y% 1) and η = '(^j, 372, 0). Here the principal symbol 2 9 where Since F^ = 0 at 3/ = 0, making use of (2.2), we can compute the principal symbol D Q Ci(y\ D y ,, D t ), which is given by (2.4) at y f = 0. The proof is completed. Let us consider the incident P ray P/ω) in Ω ι hitting on (0, Q with a direction ω = (ω l9 ω 2 , ω 3 ) e S 2 such that 0 < n(Q)>ω < 1, which is the half connected null bicharacteristic {(-β (τ 2 -al\ξ| 2 ) in T*(β 2 X -R) passing through with π(p) = π(p Q ), we call it the refracted P ray (the transferred refracted S ray) of P^ω). Similarly for the incident S ray S^ω) passing through p x = (0, ί 0> -eω, εad, the reflected S ray S r (ω), the transferred reflected P ray P tΓ (ω), the refracted S ray S r (ω) and the transferred refracted P ray P tr (ω) are defined, if these rays exist. The rays are concretely denoted as follows: 2 ; then P r (ω) = {(βtώ;tlβ u t + t Q , -εώ; 9 εβd e T*(fl 2 
The proof of Lemma 2.2 is easily derived from the definitions of the rays. For the incident P ray P t {ω) we also denote by S ln (ω), P ln (ω) and S ln (o)) half connected incoming null bicharacteristics of τ 2 -a\\uf, τ 2 -a\\ξ\ and τ 2 -βl\ξ\ 2 passing through (0, t 0 , -εω t~, ejSj), (0, ί 0 , -εώ+, εjS^ and (0, t 0 , -εώ t + rJ εjS α ), repsectively, if these rays exist. Similarly for the incident S ray S ί (ω)P ln (α)), P in ( ω) and S ln (α>) are defined. § 3.
Singularities corresponding to Stonly waves
In this section we analyze singularities to a solution of (1.1) to (1.3) near an elliptic point (0, t 0 , η^ r 0 ), that is, s/ K 0, η^ r 0 ) > 0 for i = 1, 2. In [7] he proved that if Γ o is a hyperplane of R z , there are surface waves satisfying (1.1) to (1.3) and propagating on the boundary Γ Q X R. In this section without assuming the flatness of Γ Q9 we shall show that there exist rays belonging to the wave front set of a solution of (1.1) to (1.3) which propagates in the elliptic region of the boundary Γ o X R.
We shall consider the Lopatinski matrix of the boundary value problem (2.3) in the elliptic region {(/, t, η\ τ): s t (y', η', τ) > 0 ί = 1, 2}, where Pi(y\ τf 9 τ) > 0 (i = 1, 2). We remark that if / = 0, then the elliptic region is { (0,ί,3 We shall check conditions that the polynomial f(x) has only simple roots in (0, 1). Remark 3.3. i) One of the equivalent conditions that a polynomial f(x) has a double roots is that the discriminant of f(x) is zero. In this case the discriminant of (ft + p 2 ) 2 β 2 f(x) is a polynomial with respect to ft, p 2 , a and β. Thus for almost everywhere (ft, p 2 Proof. In the case τ 0 = 0, in Section 1.2 of [9] S fc (0, j y£, 0) (k == 1, 2) is given as follows: Put S fc (0, η' 09 0) = (%, s+ 2 , s^, sς l9 sς 2 , s^) 9 then and £ 0 = (πoff*)" 1^; Then we have the following THEOREM 3.5. We assume that a x -a 2 and β 1 = β 2 
(u t ) C (T*(fi* X B)\0) U (T*(Γo X -H)\0) as follows: i) p e T*(Ω t X 12) belongs to WF b (u t ) 9 if p belongs to WF(Ui\ Ot ), ii) peT*(Γ Q X R) does not belong to WF b (u t ), if u t (κ-ι (y),t)

and that f(x) of Lemma 3.2 has only simple roots in (0, 1). Then WF b (u t ) Π Σ e d 2Ό, where Σ o is locally given by τ -h(x, ξ) with C°° homogeneous function h(x, ξ) on T*(Γ 0 ) 0 of order 1, αzzd WF h {u^) U WF b (u^) is invariant under the Hamilton vector field H τ . h on T*(Γ 0 X R) 0.
Proof In (2. -n(0) ω) 2 )) Φ 0, Si» Π WF(^) = (P ln (ω) U S ln (ω)) Π WF(^2) = 0 ami P 4 (ω) C WFfa), then P r (ω) U S te (ω) C WF( Ul ) and P r (ω) U S tr (ω) C The concrete form of G^s) is given in Lemma 4.3. The idea of proving the above theorem is as follows: First we shall look for an elliptic pseudodifferential operator A such that some components of ACϊ (ί = 1, 2) vanish. After that making use of the assumptions of WF(u t ) 9 we shall check the conditions to the wave front sets of the components of Vi\ VΛSs0 (i = 1, 2), which derive the statements of the theorem. 1/2 and 6 t (s) = (s/# -1) 1/2 (ί = 1, 2) and put
ge ( where Afrf, τ) is not zero, if rf Φ 0 and r^O. If p ί Φ p 2 , μ γ Φ μ 2 and 6 2 " is pure imaginary, then the real part and the imaginary part of (4.5) do not vanish at the same point and the imaginary parts of (4.6) and (4.7) are not zero. It follows that the statement i) holds. (4.5) and (4.6) clearly implies that the statement ii) holds for j = 1, 3, g^s) and g 6 (s) are equal 
In order to prove the above theorems we need to change the components of Vi in (2.3) corresponding to S waves. Put is given by (2.4). It follows that the (3, 2) and (6,2) components of {C~)~ιCϊ is both zero. Using this fact, we can prove the later part of 
